We investigate the evolution of self-guided beams in a x ͑2͒ medium with a f luctuating phase mismatch between the fundamental wave and its second harmonic, as may occur in particular when the quasi-phase-matching technique is applied. We show that the f luctuations reduce the phase correlation and act as an effective loss to solitary waves. © 1997 Optical Society of America
Within the past few years increasing attention has been paid to the nonlinear dynamics of guided waves in media with a quadratic response. The interest was triggered by the experimental observation that the quadratic x ͑2͒ nonlinearity could modulate a beam as an effective third-order nonlinearity, which can be faster and stronger than any existing truly thirdorder Kerr-type nonlinearity. 1, 2 Importantly, this socalled cascaded x ͑2͒ :x ͑2͒ nonlinearity has the potential of being increased by several orders of magnitude if one explores organic materials or semiconductors. 3 The x ͑2͒ materials therefore hold the promise of being used in ultrafast all-optical switching devices, with spatial solitary waves acting as self-induced waveguides. 4, 5 Because the effective nonlinearity in a x ͑2͒ material is produced by the parametric wave coupling near the second-harmonic resonance, the relative phase between the waves plays a crucial role. Therefore it is expected that f luctuations of the phase mismatch can produce a dramatic effect on solitons in x ͑2͒ materials. Such f luctuations can result from, e.g., impurities in the crystal structure (short scale) or temperature variations (long scale). The f luctuations may be even more pronounced when the quasi-phase-matching technique is applied, in which the necessary wave-vector matching is achieved by a periodic modulation of the refractive index or of the nonlinear coeff icient in the medium or both (see, e.g., Ref. 6 for a review). Variations in the lengths of the domains of the periodic structure will appear as f luctuations in the effective phase mismatch, which can be a serious obstacle for formation of solitons in quasi-phase-matched samples. 7 Numerical simulations show that the solitons can follow adiabatically any slow variation of the phase mismatch, i.e., without producing radiation. We are therefore not concerned with the long-scale temperature variations that were observed in Ref. 8 . Instead, we analyze the effect of short-scale, uncorrelated phase-mismatch f luctuations on spatial solitons in x ͑2͒ materials and focus on the consequences of f luctuations for the soliton robustness.
The normalized, dimensionless equations that govern the propagation of cw beams in a lossless x ͑2͒ slab waveguide are
where A 1 and A 2 are the slowly varying envelopes of the fundamental and the second-harmonic waves, respectively. These waves propagate in the z -j plane and are conf ined by the slab waveguide in the transverse direction orthogonal to the z -j plane. The parameter b is proportional to the wave-vector mismatch. Walk-off between the two beams is neglected. Equations (1) have three conserved quantities, among which are the normalized power N and the Hamiltonian H :
For any value of b a family of solitary waves can be found numerically as a function of, e.g., their total power. 12 We refer to them as solitons. We find the stationary solutions by inserting A m ͑z, j͒ u m ͑j͒exp͑imlz ͒ into Eqs. (1) . This leads to the requirement that l . max͕0, 2b͞2͖ for exponentially localized solutions to exist, which implies that two qualitatively different solution families exist for positive and negative values of b. In general, for negative b there is a threshold value N c of the power in the solitons, whereas for positive b the solitons exist at all powers. 13 We are interested in the behavior of the solitons when the phase mismatch f luctuates randomly about a constant mean value b 0 . Thus we set b b 0 1 Db, where Db represents the spatial f luctuations, which we model as a Gaussian distribution with zero mean. We consider both the case in which the f luctuations are 0146-9592/97/050271-03$10.00/0along the direction of propagation only, Db Db͑z ͒ and that for which they are in the transverse direction also, Db Db͑z , j͒. In both cases the Hamiltonian is no longer conserved.
To investigate quantitatively the inf luence of a f luctuating b, we study as an example a specific LiNbO 3 waveguide in which solitons were observed recently. 8 To this end we state brief ly the def initions of the parameters and f ields of Eqs. (1) 
The coefficient Q is a number less than or equal to 1 and accounts for a possibly incomplete mode overlap. The total power P is then given by P P 0 N , with P 0 a 2 2 n 1 Dn eff x 0 2 ͞ l 1 2 63. Assuming that Q 0.8, and that k n ഠ n n 2p͞l n , we f ind that P 0 2.4 W .
There is no way to know the size of the f luctuations of the phase mismatch, i.e., the variance of Dk (or Db). Therefore we investigated the effect of the f luctuations on the solitary waves for several values of the variance and found that for all reasonable values the effect is qualitatively the same. In Fig. 1 we show the evolution of the transverse power in the fundamental, P T P 0 jA 1 j 2 ͞x 0 , when the variance of Dk is Dk͞3 and Db Db͑z ͒. The effect of the f luctuations is to reduce the phase correlation, which affects the parametric interaction. This induces deformations of the beam shapes, and diffractive waves are continually radiated from the edges of the solitons. For b 0 23 the beam shape seems to be severely distorted, but it will be clear in what follows that on average the beam evolves as a soliton. The essential outcome of the numerical simulations is that, both for positive and negative phase mismatch, the solitary waves survive the strong f luctuations for a long distance. This robust behavior is of substantial practical benefit for the use of self-guided beams in quadratic media and resembles the robustness of solitons in Kerr media.
Apparently the f luctuations act as an effective loss. To visualize this, we plot in Fig. 2 
When this threshold is reached, the soliton enters the low-power region without stable soliton solutions and quickly diffracts as a linear wave. The P -H curves in Fig. 2 reveal that the soliton follows the families of stationary solutions for the unperturbed case ͑b b 0 ͒. Despite that the f luctuations induce fierce deformations of the beam shapes. This suggests that a simplified, analytical description in terms of collective coordinates can be successful. When the f luctuations are allowed to act in both the z and the x directions, i.e., Db Db͑z , j͒, the results are qualitatively the same, with the only difference being that the decay is faster.
For negative phase mismatch the soliton will be destroyed at the threshold power. Therefore we define a critical length L cr , which is the length after which the soliton has decayed to the threshold power. The strength of the f luctuations is measured by the standard deviation of b, db ͓͗͑Db͒ 2 ͔͘ 1/2 . Figure 3 presents the numerically found L cr , averaged over five different sequences of the f luctuations. When there are no f luctuations in the x direction, the critical length is much greater than the lengths of typical waveguides used in experiments, and the effect is therefore negligible. In contrast, when there are f luctuations in both the z and the x directions, the critical length becomes of the order of realistic waveguide lengths.
If we assume that the decay of the soliton power is exponential, we can represent its strength with an effective loss coefficient g. Figure 4 shows the outcome of a series of calculations of g for different values of b 0 and db. When Db Db͑z , j͒ the effective loss becomes comparable with the linear loss, which has been reported to be 17 dB͞m for the fundamental and 35 dB͞m for the second harmonic. 8 The dependence of the loss on b 0 is caused by the difference in the profiles of the unperturbed solitons for different b 0 .
In summary, we have shown that the solitary waves in quadratic media possess the important property of being robust under the action of rather strong f luctuations of the wave-vector mismatch. The f luctuations merely lead to an effective loss, which can be comparable with the linear loss. However, the effect can be dramatic for negative phase mismatches, for which there is a threshold power for the existence of solitons.
